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Origin of the Modulated Phase in Copper-Gold Alloys
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(Received 10 October 1996)

Statistical modulated phases which occur at high temperature in a number of alloy system
as copper-gold cannot be explained either in an axial Ising model or by using arguments ba
Fermi surface–Brillouin zone interactions. Instead we argue that these phases are stabilized b
disordering at antiphase boundaries. We back up our statements with precise density functiona
lations in the local density approximation. [S0031-9007(96)02099-6]

PACS numbers: 61.72.Nn, 64.70.Kb, 81.30.Hd
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It is a curious fact that many compounds and polytyp
exist in modulated phasesin which periodic arrays of
stacking faults or antiphase boundaries (APBs) modu
an otherwise small unit cell. These fall into two classe
“rational” structures (e.g., polytypes in SiC [1], or Ag3Mg
[2], in which the period M (number of small unit
cells separating the modulating planar defects) is
integer and the defects are perfectly flat; and “statistic
structures (e.g., in Cu-Au or Cu-Pd alloys), which a
usually high temperature phases, in whichM can be an
irrational number, oraverageperiod, often depending on
stoichiometry. In the latter case, the defects are obser
to be stepped—or wavy on the scale of tens of latt
constants [3]. We offer here a new explanation for t
origin of statistical modulated phases after demonstrat
the difficulties inherent in current theories. We find th
the proper control parameter for determining the stabi
and period is not the nesting vector or Ising parame
but instead depends on the ordering temperature of
alloy. As an example, we use the stoichiometric CuA
intermetallic compound.

An equiatomic mixture of Cu and Au is disordered o
a face centered cubic (fcc) lattice at high temperatureT .
At low T the crystal orders into the CuAu-I structure
which the Cu and Au atoms occupy alternate (002) la
ers of the underlying fcc lattice. In a narrow intermedia
temperature range there appears the CuAu-II phase
Its structure is CuAu-I modulated by an array of APB
with an average separation of five fcc lattice spacin
along theb axis; Fig. 1. Important experimental obse
vations are: (i) CuAu-II is a highT phase which is acces
sible by heating or cooling through a first order transiti
[5]. (ii) The period of the APBs is statistical rather tha
rational [3]. (iii) M is found to increase both in the Au
rich and Cu-rich non-stoichiometries [3]. (iv) Areduction
of M to as low as 1.5 is found upon large additions of im
purities [5]. (v) High T modulated phases are observ
in all Cu-Au alloys with greater than 25 at. % Au [3].

These observations would argue for a statistical m
chanical explanation based on some alloy Hamilton
with an order parameter, or an axial Ising model; and th
indeed form the basis of some recent theories of modula
0031-9007y97y78(2)y270(4)$10.00
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phases [7]. A more popular, and far older explanat
is given in terms of Fermi surface–Brillouin zone inte
actions, in which the modulated structure is stabilized
Fermi surface nesting [5]. Although it is hardly likely tha
nesting can be occurring at all stoichiometries above 2
Au; that the theory would predict CuAu-II to be the groun
state; and that the Fermi surface is smeared out at higT ;
the nesting argument remains popular, and recent calc
tions using first principles band structures show there
indeed parallel sheets of Fermi surface in CuAu-I and t
the associatedk vector is consistent with measured ave
age periods [8]. Further confusion arises from mean fi
alloy Hamiltonian calculations which reveal a first ord
transition from disordered to a modulated phasekMl with
M ø 2 (rather than 5 as it should be), although electro
structure effects such as nesting areneglectedin the semi-
classical, parameterized Hamiltonian [7].

It is clear that to resolve this conflict one nee
reliable total energy calculations, a problem for whi
the local density approximation in density function
theory is ideally suited [9]. We have now made the fi
systematic calculations and are able to show decisiv
that (1) Fermi surface nesting doesnot lower the internal
energy of CuAu-II relative to CuAu-I, and (2) there is n
explanation for the transition within an axial Ising mod
There is a spectacular effect of atomistic and latt
relaxation, which has largely been neglected in previ
work. We offer a new explanation for the appearan
of modulated phases at highT which is based in a clea
physical picture.

The Kohn-Sham equations are solved using fu
potential LMTO [10] as described in Ref. [11]. T
converge the tiny energy differences, especially for latt
and atomistic relaxations, we use modified tetrahed
integration [12] and a very fine mesh ofk points of 20
divisions along the reciprocal lattice directions paral
to the a and c axes ands20 1 MdyM divisions along
the b axis, which isM times longer. The calculation
are very demanding and in the cells havingM . 4 we
do the relaxations with the Harris-Foulkes approximat
[13] and make a self-consistent calculation of the fin
structure. We use direct energy minimization [14] rath
© 1997 The American Physical Society
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FIG. 1. Part of the CuAu-II unit cell near the APB. The spi
associated with each CuAu-I unit cell are shown to the left a
those atomistic relaxations greater than0.1a0 are shown by
arrows over the atoms; arrow lengths are roughly proportio
to the distances moved. Crystal directions are also shown.

than minimization with forces and stresses. We th
take a novel approach which allows us to demonstr
points (1) and (2) simultaneously.

We focus on the APB energyand make successivel
larger supercells in which the APBs are separated by o
two, . . . M . . . unit cells of the CuAu-I structure. In the
language of the axial Ising model, these are unit cells
the structures denotedk1l, k2l, . . . kMl . . . or . . . "# . . . , . . .
""## . . . , etc. [6]. The “ferromagnetic” ground state CuAu
s. . . " . . .d is denotedk`l. CuAu-II is . . . """""##### . . . ,
or k5l. The axial next nearest neighbor Ising (ANNN
model might provide a description of the ferromagnetic
modulated to disordered transitions since the mean fi
ANNNI model phase diagram has just that structure; a
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for certain values of the ANNNI parameters,J1 and J2,
one seesk`l to k5l to disordered transitions [6]. Thes
Jn are the parameters that appear in the expression for
total energy per four-atom layer of the structurekMl in
the axial Ising model

EkMl ­ E0 2 M21
MX
i

X̀
n

Jnsisi1n , (1)

where the spinsi in layer i is 61 and E0 is the nominal
energy of an isolated layer. The energy of the AP
in the structurekMl is gkMl ­ s1yacd sMEkMl 2 MEk`ld
(a and c are lattice parameters). By taking the limit a
M ! ` and using (1), the energy of the isolated AP
is s1yacd s2J1 1 4J2 1 6J3 . . .d, which is quite slowly
converging unless thejJnj diminish rapidly withn. One
expects an ANNNI description of the phase transitio
if (i) only J1 and J2 are significantly large, (ii)J1 . 0
so that the ferromagnetic ground state is stable,
(iii) J2 , 0 to ensure “competing interactions” in th
ANNNI phase diagram [6]. A corollary of (iii) is that the
plot of gkMl againstM has a negative initial slope (i.e
gk1l . gk2l), sinceacgk1l ­ 2J1 andacgk2l ­ 2J1 1 4J2
in the next nearest neighbor approximation.

To begin with, we look at the APB energy as a functio
of M in a fixed lattice calculation, in which the lattic
parameters are taken to bea ­ c ­ 1 and b ­ 2M (in
units of a0 ­ 3.86 Å) and in which no relaxation of
atomic positions is allowed. The results are shown
Fig. 2(a). As expected from the axial Ising descriptio
g converges only slowly withM. Furthermore, since

FIG. 2. (a) Self-consistent APB energies in supercells
which the APBs are separated byM units cells of CuAu-I,
unrelaxed and relaxed; and from relaxations in the Har
Foulkes (HF) approximation. (The relaxed energies can
higher than the unrelaxed because the energy of the CuA
structure is also lowered by relaxation.) Also shown a
relaxed APB energies using the pair functional. (b) Intern
energy per atomDU ­ sEkMl 2 Ek`ldy4 and free energy per
atomDF ­ DU 2 TDSmix at T ­ 600 K and taking the order
parameter at the APB to beh ­ 0.7.
271
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the initial slope is positive, bothJ1 and J2 are positive.
Therefore based on static electronic structure,the ANNNI
model cannot predict the occurrence of the CuAu
phase. There is also clearly no special stability associa
with the M ­ 5 structure that one would expect from
the Fermi surface nesting theory. There may, of cou
be parallel flat bands [8], but whether or not these le
to a lowering of energy can be determined only by
total energy calculation such as the present one. In o
words special stability requires both nested bandsand a
large matrix element connecting them, and in this case
conditions are clearly not met.

We have then repeated these calculations while sim
taneously relaxing the lattice parametersa, b, andc, and
allowing all atoms to move independently, but in theb
direction only. As Fig. 1 shows, the atomistic relaxatio
amount to a buckling of the atomic planes closest to
APB. These relaxations are only degrees of freedom
M . 2, and Fig. 2(a) shows the dramatic lowering ofg

that accompanies these. We view this as anelectronic
consequence of relaxations driven by the large size
ference between Cu and Au atoms, by comparison w
pair functional calculations. The relaxed lattice calcu
tions show a non-uniform convergence ofg and hence
the Ising parameters, so a picture based on an axial I
model is again not appropriate.

We have taken care to use the most precise den
functional approach in order to be able to settle clea
points (1) and (2) above. However, the bonding in Cu-
is not so subtle that an empirical pair functional mod
may not also be instructive. In order to come to an u
derstanding of the origin of the modulated phases,
have used the same pair functional as previously u
to study order-disorder phenomena in the Cu-Au sys
[15]. [The pair functional reproduces the isolated AP
energy to within a factor of two [Fig. 2(a)] as well a
the relaxed APB structure, and describes well the gro
state properties of CuAu-I and the order-disorder tran
tion [16].] In Ref. [15] it was found that significant pre
disordering (“wetting”) occurred at a grain boundary a
this is the clue to understanding the modulated str
tures. New Monte Carlo simulations shown in Fig.
now show wetting at the APB in CuAu-I atT ­ 600 K,
so that the order parameterh is reduced to about 0.7 a
the APB. In an ideal solution the entropy of mixing p
atom of the structurekMl is DSmix ­ M21kf2h ln h 2

s1 2 hd lns1 2 hdg, where k is Boltzmann’s constant
For T ­ 600 K this is plotted in Fig. 2(b) and added t
the internal energy per atom to give the free energy
ferenceDF between structurekMl and CuAu-I. The very
small energy differences and the approximate entr
mean that our results are semi-quantitative, but a v
clear picture is evident: One could write the free ene
of the unit cell of kMl as MEk`l 1 sacg 2 TSmixd 1

Eint; the interaction energy between APBs (which va
ishes asM increases) is positive and provides arepulsion,
272
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FIG. 3. Order parameterh at T ­ 600 K at planes on either
side of an APB in thek5l structure.

but the term in parentheses at a certainT becomes nega-
tive and, coupled with the repulsion, stabilizes aperiodic
array of APBs. In our simple treatment we are neglecti
theT dependence of the internal energy.

Our conclusions are as follows. CuAu-I is the groun
state structure and there is no energy lowering by int
ducing periodic, perfect APBs, either by Fermi surfac
nesting or by ANNNI-like competing interactions. How
ever, close toTc the appearance of APBslocally wetted
will lower the free energy and, due to their repulsion, st
bilize a structure of periodic APBs. The reason that
new phase must form, rather than the gradual appeara
of more APBs as the temperature increases, is that th
defects arise from shifts in whole blocks of crystal and c
be produced only within a crystal by a specific dislocatio
mechanism. The effect of wetting will be less in non
stoichiometric compositions since the crystal between
APBs will also have an increased entropy and henceM
would be expected to be larger as observed. We can
account for observations [5] in alloys with large impurit
concentrations in whichM is found to be as low as 1.5
but we believe these go beyond the realm of a dilute all
theory and do not fall within the purview of our superce
results. However, our picture does account for all oth
experimental facts listed at the outset.
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